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^ : 1 The main result 

■ We announce a new proof of the uniform estimate on the curvature of solutions to 
pL| ! the Ricci flow on a compact Kahler manifold M" with positive bisectional curvature. 
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^ I Given a compact Kahler manifold M" of complex dimension n and a Kahler metric 

^ ' g = J2gij{x)dz''dz^ on M" of positive holomorphic bisectional curvature, consider the 

Q ■ normalized Kahler-Ricci flow 
rH , Q 

: ^9ij{x, t) = -Rfjix, t) + gfj{x, t) (1) 

S: 

on M" with initial condition gfj{x,Q) = gcj. By a result of Bishop-Goldberg [2], we 
^ ■ can assume the Kahler class of the metric g satisfies the condition: 

> : 
i> . 

00 . 

o ■ ~ J 

\ where uo = (v— l/2)(7jj(iz* A dz^ and S = {yj —1/2) Rfjdz^ A dz^ are the Kahler form, 

^ ■ the Ricci form of the metric g respectively, while ci(M) denotes the first Chern class. 

Q ■ Under the normalized initial condition (2), the first author [3] (see also Proposition 

^ . 1.1 in [4]) showed that the solution g{x,t) = gij{x,t)dz^dz^ to the normalized flow 

I (1) exists for all time. Furthermore by the work of Mok [11] (and Bando [1] for 

^1 n = 3), the solution metric g{x,t) is known to have positive bisectional curvature for 

■ any t > 0. Our main result is on the uniform estimate of the curvature independent 

H ; 

5t , Main Theorem Let M" be a compact Kahler manifold of complex dimension n 

and g = J2gij{x)dz^dz^ be a Kahler metric on M" of positive holomorphic bisec- 
tional curvature satisfying condition (2). Let g{x,t) be the solution to the normalized 
Kahler-Ricci flow (1) on M" with the initial condition g{x,0) = g. Then g{x,t) is 
nonsingular. Namely, the curvature of g{x,t) is uniformly bounded independent oft. 

Whether the solution g above is nonsingular or not has been one of the important 
open problems in the study of Hamilton's Ricci flow on compact Kahler manifolds. 
For n = 1, the main theorem is proved by Richard Hamilton [9] based on his Harnack 
inequality and entropy estimate for the Gaussian curvature, (see also the further 
improvements by B. Chow [8] and Hamilton [10]). In [6,7], Chen-Tian obtained 
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the uniform estimate on the curvature of g{x,t) based on a Moser-Trudinger type 
inequahty in [16] for Kahler-Einstein manifolds and some new functionals. Note the 
existence of Kahler-Einstein metrics on M" follows from the solution to the Frankel 
conjecture by Mori [12] and Siu-Yau [15]. In contrast, our proof of the main theorem 
does not rely on the exsitence of Kahler-Einstein metrics, but instead on first author's 
Harnack inequality for the scalar curvature R{x, t) which is a conscqTicncc of the Li- 
Yau-Hamilton estimate for the Kahler-Ricci flow [4], and a very recent local injcctivity 
radius estimate of Perelman for the Ricci flow [13]. Thus, this gives a crucial estimate 
needed in a new proof of the Prankel conjecture via Hamilton's Ricci flow method. 
In next section, we'll outline the proof of the Main Theorem. Complete details of the 
proof and discussions about convergence of g{x, as i — > oo will appear elsewhere. 

Reiiicirk Richard Hamilton and the first author [5] are able to prove the main theorem 
for n = 2 by studying the geometry of singularity model from the blow up limits and 
certain dimension reduction argument. 

2 Outline of the proof 

Let g{x, t) be the solution to the normalized Kahler-Ricci fiow (1) on compact Kahler 
manifold M" with positive bisectional curvature whose initial metric satisfies condi- 
tion (2). It is easy to see that under fiow (1), the volume V — V{t), the total scalar 
curvature R{x,t)di't, and the average scalar curvature 

r = r{t) = ^ [ R{x,t)dut 
V Jm'^ 

of (M",gr(a;, t)) are all constant in t. In fact, r{t) — n for all t. Clearly, it suffices to 
show that the scalar curvature of g is uniformly bounded from above in t: 

R{x,t) < C, Va; e M",Vt e [0, oo) 

for some constant C > indepedent of t. To do this, let us first recall 

The Harnack inequlaity for the scalar curvature (Cao [4]) For any x,y G 

and < ti < t2 < oo, the scalar curvature R{x,t) of solution metric g{x,t) satisfies 
the inequlaity 

R{x,t,) < R{y,t2)^7;^e^/\ (3) 

e^i — 1 

Here A = A{x,y,ti,t2) = inf^ //^ |7'(r) prfr, where the infimum is taken over all 
space-time curves from {x,ti) to {y,t2), and |7'(t)| is the velocity of ■j at time r e 

[tl,t2]. 
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Now for any x G M" and t > 1, set ti = t and t2 = t + 1. Wc can find y G M" 
such that R{yi t -\- 1) — r{t -\- 1) — n. It then follows from the Harnack inequality (3) 

e* — 1 

< n(e + l)e^(^'^'*''+^)/^ (4) 

On the other hand, from (1) one can show that 

A(x,y,t,t + 1) <eV(a:,|/;t) (5) 

where d{x, y; t) denotes the geodesic distance between x and y with respect to the 
metric gfj{t). In particular, by (4) and (5), 

R{z, t) < n{e + 1) exp(ie^) 

for all z G Bt{y,l), the geodesic ball centered at y of radius 1 with respect to the 
metric gij{t). Then by Perelman's no local collapsing result (Theorem 4.1 or its 
corollary in [13]), there exists a constant f3 > independent of t such that the volume 
of the geodesic ball Bt{y, 1) has a uniform lower bound: 

Yol{Bt{y,l))>p. (6) 

From (6) one can, by a volume comparison argument of Yau (cf. [14]), deduce a 
uniform upper bound on the diameter df of {M^, g{x,t)): there is a constant D — 
D{P) > independent of t, such that for alH > 1 

dt < D. (7) 

But then, (4), (5), and (7) imply that, for any t > 1 and any x G M", 

R{x, t) < n{e + 1) exp{e'^D^/4), 

which is our desired uniform estimate. 

Finally we should remark that the above argument also works for compact Kahler 
manifolds with nonnegative bisectional curvature. 
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